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FLUTTER AND OSCILLATING AIR-FORCE CALCULATIONS FOR AN AIRFOIL IN A
TWO-DIMENSIONAL SUPERSONIC FLOW

By I. E. GAERICKand S.L RUBINOIV

SUMMARY

A connected account i8 giren of the Possia theoy of non-
stationary jbw for sma.![ di8turbance8in a twodimeneional
&upersonic$owand of its application to the detertnmrtion of the
aerodynamicforces on an oscillating airfoil. Further applk-
tion is made to the problem of wing$utter in the degree8of free-
dom—torsion, bending, and aileron rotation. Numerical tables
for jlutter calculations are prorided for mrious dues of the
Mach number greater than unity. Resuh%for bending-torsion
um”~$utter am ~hownin jigures and are discussed. The sta$ic
instabilities of dkergence and aileron recemal are examined
a8 i8 a onedegree-oj-freedom ca8e of torsional 08ci1btory
instability.

INTRODUCTION

The problem of flutter or aerodynamic instability for
high-speed aircraft is of considerable importance and hence
interest is directed to the aerod.pamic problem of the oscil-
lating airfoil moving forward at high speed. Although for
conventional a.ircreft the subsonic and the near-sonic or
trensonic speed ranges are still of main interest, the super-
sonic speed range is becoming increasingly significant.

A theoretical treatment of the oscillating airfoil of infinite
aspect ratio moving at supersonic speed has been given by
Possio (reference 1). This treatment is based on the theory
of small perturbations to the main stream, thus is essentially
an acoustic theory, and leads to linearization of the equation
satified by the velocity potential. The airfoil is therefore
assumed to be very thin, at smalI angle of attack, and the
flow is assumed nonviscous, unseparated, and free from
strong shocks.

The small-disturbance linearized theory, being much less
complicated than a more rigorous nonlinear theory, is to be
regarded as an expedient which allows an initial theoretical
solution. The theory permits the occurrence of weak (in-
finitesimally small) shocks and thus the basic trends and
effeets of the parametem of the sitiplified problem can be
indicated. The theory reduces to that of Ackeret in the
stationary (static) case and, like it, is not expected to be
did too near M= 1. In view of the restrictions and as-
sumptions in the analysis, important modifications may be
required in certain cases for thick finite airfoils; but even
here the simple theory for thin wing sections may serve as a
basis.

g4y3514c_14

In addition to Possio’s brief work, an equivalent extended
treatment has been given by Borbely (reference 2) which
utilizes contour integrations ta carry out the solution of the
partial differential equation for the velocity potential accord--
@ to the Heaviside operator method or Laplace transform
method. Recently, another equivalent treatment has been
given in England by Temple and Jahn empioyi~ the method ._ _
of characteristics. In reference 1 a few curves are given for. ._
the aerodynamic coefEcients but no numerical values are . .._
tabulated. Reference 2 contains no numerical results.
Temple and ,Jahn recognize the lack of numerical results and
supply some initial calculations for the functions neceswy
for flutter calculations.

A paper has recently appeared by Schwarz (reference 3)
devoted to computing and tabulating the key mathematical
functions that arise in the theory. The present paper makes
use of reference 3 to supply more intensive numerical tables
for application of the theory. The formulas of the theory
are recast in more familiar form for application to the flutter
problem and a series of calculations on bending-torsion flutter
are carried out and cliscussed. The performance of similar
calmdations for wing-aileron flutter is indicated. Brief clis-
cussions also me. given of the static instabilities, divergence
and aileron reversal, and of a one-degree-of-freedom tor-
sional oscillatory instability.

For completeness, n connected account of the Possio
theory is presented since the original presentation in Italian
is quite terse and also since it is believed that this treatment
is the simplest and most suitable for general extensions. The
extension of its application to inch~de the aileron is given.

AIR FORCES AND MOMENTS ON AN OSCILLATING
AIRFOIL MOVING AT SUPERSONIC SPEED Ih’

TWO-DIMENSIONAL FLOW
DIPPEItENTIALEQIIATIONPORTHEVELOCITYPOTENTIAL

The diilerential equation satisfied by the velocity potential
in tied coordinates in the case of Mnitesimal disturbances
is the wave equation

(1)

where c is the velocity of sound in the undisturbed medium.

(
For the adiabatic equation of state c2=$~=7 ~)
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F1OUEE1,—hkeh angiep, The dieturbaneeat point (t, q) moving forward with snpersonlc

velocity uIofluenceethe angular region havingW vertexF.@3 P=sln-1~.

Refereed to a system of rectangdar coordinates moving
fommrd at a constant supersonic speed o in the negative
x-direction, the wave equation satisfied by the velocity
potential in twodisnensional flow becomes

It is proposed to treat the effect of a slightly cambered
thin airfoil moving forward at a supersonic speed a at small
(zero) angle of attack as that of a distribution of small dis-
turbances placed along the x-axis .md hence to utilize eqya-
tion (2). The velocity components in the z- and y-directicms
relative to the moving airfoil are, respectively,

which may be considered the additional components to the
main stream due to the distwbance created by the presence
of the airfoil. Relative to coordinates fixed in space, the
velocity components are V+V. and VV.

EFFECTOFA SOURCE

Equation (2) is linear and solutions are therefore additive..
An important particular solution of equation (2) having the
property of a sourco pulse is

40=
,4 LT2-T..

JC2(t– T)’–[z–/–v(t– T)p–– (y–q)z
-- (3)

This solution may be considered to give the effect at a point
(r, y) at time t of a disturbance of magnitude A originating
at a point ($, q) at an earlier time T.. The potential @ois
thus a retarded potential and the elapsed time at (z, y) sinco
the creation of the disturbance is T=~— T.

Unlike the situation for a subsonic flow, for a supersonic
flow the effect of the disturbance is propagated Qrdy down-
stream; that is, the point being influenced (z, y) is aIways
considered to be aft of the point of disturbance ($, q).
Equation (3) is thus valid in the angular region with vertex
at ($, ~) and bounded by two straight lines making the Mach

z-axis. (See fig. 1.) Upstream from this angular region the
value of do is zero. It foIIows also thu~ disturbancoa in
the wake need not b.e considered and the solution to the
boundary problem may be attempted by a distribution of
potentials of the type ~ taken rtlong the projection of the
airfoil on tho z-axis.

A disturbance at (& ~) created -at time T is first fell at a
point (z, y) after a certain time TI has elapsed. The point
(z, y) penetratw the wave front of the dieturhed region and
because it is moving at a speed greater than thut of tho wavo
front it-cynerges from the disturbed region at a later time T&

Thus, the duration of this initial disturbance at (z, y) is
T,2—?-1. (See fig. 2.) The transition at. (x, y) from m region
of quiescence to a region of disturbance and vice versa is
associated with the vanishing of the denominator in equation
(3). The vfh2s Of TI and TZfOr a d~turbance CrCated on the
axis T=O are thus given by

M(z-g) * J(z–g)’–y2(M’– 1) (4) “-
TM=: C(M*–1)

where the minus sign is associated with rl and tho plus sign

with ~z and where M=:. It may tdso bo ol.)servcd tlmt a

negative quantity under the radical sign in equation (3] is
to be imkrpreted as associated with an undisturbed region
(that is, with @= O).

POTENTIALFORA D1STR1JWTIONOF SOURCES

The total effect at any point (x, y) is the sum of the cflccte
of disturbances originating between tho leading edge .+=0
arid the intersection of the Mach line through (z, y) with the
&axis

(since only disturbances created forward of tho Mach angle
region can affect (z, y); see fig. 3).

The total potential at (z, y) at any time t is thus givcu by

FIGURE2.–Imlnence of hnpnlza oreated at pofnt (g,O) at Me t-2’ on apoint (I, U) fixed
reietire ta (&O) and moving with eupereonloVWWXItyV. (Olx.emo thnt the dhturtmnee
frdluen~ the point (?, U) only during the time interwi n-m.)
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~0UNDAEYCONDITIONAND STEESQTNOFDISTRIBUTION

The function A(,$, O, t–r) giving the magnitude of the
source distribution is now to be determined by the usual
boundary condition of tangential flow along the atioil. If
the ordinate of any point of the mean line defining the airfoil
is given as y=y.(x, t), the boundary condition may be
written

=V bym+hym—.
aX at

(6)

where W(Z, i!) thus represents the vertical velocity induced
by the source distribution in order to realize tangential flow
at the airfoiI boundary. @ the nonstationary case as in the
stationar~ case (corresponding h the Ackeret treatment),
the two surfaces of the airfoil may be considered as acting
independently of mch other. For the purpose of obtaining
the oscillating forces in the linear treatment it is sufficient,
however, to consider separately the upper and lower sides
of onIy the mean line.)

The evaluation of ~ as y approaches zero maybe readily

obtained by use of the variable 8 instead of r where
2T=(r2—rJcos f9+r*+T~. This substitution in equation (5)
yields

By differentiation with regard to y and with the aid of an
integration by parts

[

FIOUFIE3.-Sketchehowhuthatonlyd.istnrk=mcescreatedforwardof the Mach angle region
w[th rertex at & canaEeet (r, u).
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Fmrarr 4.-Sketch Illustrating the three deg’reeaof freedom k, a, and p C4the owll18Uag
8irf0u.

Since ~l=x–y~~, there results in the limit as y ap-
proaches zero on the positive side the important relation

~()w u-a
=–; A(Z, O,t)

or, briefly,

A(z$ t)=–: W(X,t) (7)

For y approaching O on the negative side an equal and
opposite result ia obtained and hence the distribution of
aingularitiw to be utilized to replace the airfoil is of the
source-sink type. Thus 4 ia to be understoo~ in the sub-
sequent analysis to be prefixed b,y a + sign, +Lfor the upper
side and — for the 10WWYaide.

The total potential for y=O may now be expressed by
means of equations (5) and (7) as

where, from equation (4) with ~= O,

z—g 1

‘1=7- Au+l
and

z—g 1
‘*=Y M-1

APPLICATIONTOOSOILLATINGAIRFOIL

The generaI result given by equation (8) may now be
applied for deiiuitenem to the case of an airfoil performing
small sinusoidal oscillations in several degrees of freedom.
Let the wing umdergo the following motions: a motion due to
displacement h (velocity ~) in a vertical direction; a tor-
sional motion consisting of 8 turning about X=ZO with in-
stantmeous angle of attack a; a rotation of an aileron about
its hinge at z=q with instantaneous aileron angle B measu-
red with respect to a. (See fig. 4.)

ID accordance with equation (6) the vertical velocity
at any point c of the airfoil situated at O~ z=2b (of chord
26 and leading edge at z=O) is easily recognized to be

I@, t)= —[k+ucf+(z-zJ&+w/9+(e–q)~ (9)

-where the p-terms are to be interpreted as zero for X<XI
(and where the minus sign ia introduced beoause the vertical
velocity w is positive upwards whereas the terms within the
brackets are positive downwards).
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It is convenient in
the complex notation

treating sinusoidal motion to utilize

where h, ao, and 190are complex amplitudes and hence include
phase angles.

Since the further andysia is concorned only with ex-
ponential time variations of the type given in equation (10),
the function w(f, t– ~) occurring in equation (8) is of the
form w(.fje~(~~l, which may also be written for convenience
as w(g,t)e-~. The potential @ given by equation (8)
may now be written as

where

The integration with regard to r may be readily performed by
substitution of the variable 8 where 2r= (TZ—TJ cos O+ r~+ 71.
Then

With r, and r~ replaced by their values as given for equation
(8) and with the aid of the Bessel function relation

it is recognized that
M

1(~, x)=e ‘i”’+ ‘J. ~~~ *) (12)

Throughout the subsequent analysis it is convenient to
employ the vmiabltw x and ~ in a new sense to mean non-
dimensional quantities obtained by dividing the old variablea
by the chord 2b. The retaining of the symbols x and ~ for
the nondimensional variables should lead to no confusion.

The potential 4 of equation (11)is then

where with the introduction of the importan t froquencyparam-
eters

k=< “-

the function l(& z) becomes

1(~, x) =e-@~’-~)JO
[:’’-’)1 ““

(12’)

Thus, 1($, x) is a function of the variable z–f and of two
parameters i14 and iii or, alternatively, i14 and k.

It is desirable to express the potentia~ + as the sum of the
separate effects due to position and motion of the airfoil as-
sociated with the individual terms in equation (13). Thus

FORCESAND MOMENTS

The basic pressure formula in the theory of small dis-
turbances is

d+
P=–P ~

which in the present case of the moving airfoil may h
expressed as

‘=-’(2+”%)

where p is the density in the undisturbed medium. The local
pressure difference on the airfoil surface between the upper
and lower surfaces at any point x (nondimensional) is

(iipv bfiJ
p’=–2p —_-ti+2b bX )

(15)

The total force (positive dowmvarcl) on the airfoil is

J
P=2b ; y’dx

(16)

The moment (positive clockwise; fig. 4) on the cntim
airfofl about any point X0is

J
Ma=4b’ o’ (X–Z&?’dX

=—4pbv
J

: ~“ (x–qJdx–8pb2~’ @(x–zJdx (17)
o

Similarly, the moment (positive clockwise; fig, 4) on the
aileron about the hinge point xl is

J
A4@=4& l(z–xl) p’dx

Z1
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In the further reduction of equations (16) to (18], with
the potential @ replaced by its separated form given in
equation (14), the following sets of integral evaluations are
required:

The functions defined by the foregoing integral evaluations
are further discussed in the following section; first, however,
the force and moments (equations (16) to (18)) are given in
their fial forma as

P.-4*[ v(vct+ ~—2b@)r1 + 2b(2r&+ fi—2b.roii)rz+

8pb2
Mff= – \/~flq [

v (wi+h-2bwi)pl+2b (2ni+h—2bx@) $+

1
4b2&~ +“??fk,+ 4b@ ;+462; $ (18’)

EEDUCTIONANDEVALUATIONOF FOREGOING INTEGRALS

It is convenient to introduce the substitution u=z–g and
to exprws the function l(& z) (equation (12’)) as

()I (:,x)=1(u) =e-G”Jo ~4u (19)

The various functions defined by the foregoing sets of
integrals may now be expressed as follows:

J
r, (itf,k) = :1(u) dU

SS
‘I (u) du dx~z(Ad,k) = 01 ~

u
rs(M, k) =2 01 O’(z—u)1 (u) du dz

SS
g,(lt4,k) =2 1 ‘L@) du dx

00

q, (.i14,1c)=6
SS

01 Ozz(z—u) ~(U) du dx
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s
fl,(iw, k, z,)= .: (U–q)l(u)du

SS

1:
gh(ill, k, ZJ=2 (X–q)qu)du rh

rl o

SS

lr
~a(~f, k, z,)=6 (Z–z,)(z–u)l(u)du (-IX

Z1 o

J

1-m
tl(M, k, %)= I(u)du

II

,SS

l-xl x

6(M, k, %) =2 ~ ~ (Z–@~(U)&J dx

J

1–I,
S1(M, k, xl)= “ uI(u)du

SS

l-rl x
S2(~, k, ccl)= 2 ~ ~ d(U)dU (ix

SS

l–m I
sg(ikf,k, X1)=6 ,, 0 r(z— U)r(u)du dx

Borbely (reference 2) has shown by means of reduction
formuhw that the six r- aud q-functions may be obtained
from a single integral. In R similar manner it maybe indi-
cated how the foregoing M functions rn.ay be obtained from
the evaluation of the same integral. The reduction.. is
accomplished in two stages. First, consider integrak of the
following type:

J.fA=.f@f, a= ‘ I(u)ukho

J
gL=j@f, 6xI) =2+ : I(u)ukdu } (20)

s

i–z,
hA=jk[M, ;(l–%)]=(l_:l)x+l ~ I(U)WU ,

By integration by parts it can be readily verified that the
following relations hold:

rl=fo

ra=jo—jl

r~=fo—2f1+fs

%=.fl

q2=fo–f2

!3= Zjo–Vl+f8

Yl=!ll-W’I+~12(90-~1)

P2=q2–%1r2+ 2W0-291+9J

P:=ga– 3wg+q4(go- 391+ 3gg–ga)

The final

tl=(l–q)lk

t2”=(l–q)~(&hJ

t!,=(l-z,)’(h-xi,+ h,)

81=(1—I!J*LI

82=(1 —zJ9(&h*)

88=(1 —zJ4(2ho-3h~+h8)

stage in the reduction of these functions is to
utilize the folIowing recursion formula (reference 2) obt tiincd
by integration by parts:

i(l–2A)fL1(M, Zi)+

(1–k)’ ; j,.,(al,G) (21)

where Xz 1 and j with a nega tive subscript is to bo iderprctcd

as zero,
( )

Observe that ~# G=2k.

The fu~~ction jk (M, Z) may clearly refer also to tlw fore-
going g- and h-functions, if z is replwced by thu appropriate
parameter; namely, G.cl for gi and =(1—%) for hk. (&c
equations (20).] “The recursion relation (equation (2I))
thus reduces the various functions to the single funcLion

fo’”f;)=$J=’-iuJo(:i)du (22)

which is therefore the only integral needed in the cvrduat.iou
of the forces and moments.

The important integral in equation (22) has been recently
made th subject of a mat.hematicd investigation by Schwarz
(reference 3). Schwarz gives tables of the values of its mal
and imaginary parts to eight decimal places for O~ ti~ 5
and for 1 ~ M= 10 for conveniently small interwds. I?or
values of =>5 not given in Schwarz) tables, the function j. ,
may be evahated by means of the following series devclop-
mept (reference 2):

(23)

Table I gives values of the functions fo(ilf, U)brtscd on
the tables of Schwmz and on equation (23) for sclcctcd

105105 5 10
values of the Mach number M= —~–~---~-J 2)-~9473 z -3-Jund 5

()and for various appropriate values of Z or ~ . Lalcr uso

is made of the values given in table I for obtaining tabIcs
for flutter calculations.
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EQUATIONS OF MOTION AND DETERMINANTAL EQUATION
FOR FLUTTER CONDITION

The equations of motion and the border-line condition of
unstable equilibrium yielding the flutter speed and frequency
may be obtained exactly as in the incompressible case treated,
for example, in reference 4. The twodimensional treatment
(infinite aspect ratio) is retained herein. Modifications due
to assumed tibration modes of the fits wing may of course
be introduced m in current practice (for example, reference 5).
The modification of the forces and moments clue to the tbree-
dirnensional nature of the flow is a more di.fiicult problem
which remains to be studied.

The equilibrium of the vertical forces, of the moments
about the torsional axis X=ro, and of the moments on the
aileron about its hinge X=X1 yiekls the thee equations

hill+ Ma-+ @fi+hc,=P

tira+B[~@+z~(%-%)&?]+ hJSa+~Ca=3faI (24)

jIp+&[I~+2J(z,–a) s#]+ls~+@c@=31~

where the various parameters are deiined in the list of
notation. (See appendix.)

In order to define the borderhne condition of unstable
equilibrium separating damped and undamped oscillations,
the variables h, a, and p are used in the sinusoidal exponential
form given in equation (10). For the desired condition, it “is
necessary that the equations (24) have a (nontrivial) solu-

-.7.

tion for the complex amplitudes & ao, nnd & or that the
following cletwminrmtal equation hold:

& A,= A@

A., ~aa A.@ =0 (25)

Abh Aba z&q

where the complex elements of the determinant in separated
form are

&,= E,A7-P+L,i-iL

Am=–pr=+L2+iL4

A@=–PxB+L6+iL6

A.,= –pxa+.li,+i:~~z

x=== !2=x-&r=2+iUrl%!U4

A@= –p[r.f+2(x1–q)q] +.V&+iM8

A~~=—/LX5+M+iAT,

Ab.=–p[rg’+2(xl–xJq] +.hTs+iNi

1~= Q#i7–pr#+iV’+iN8

and where the L’s, M’s, and hr’s are defined by the force
and moment equations (16’), (17’), and (18’) espressed in
the following forms:

(26)

Hence,
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The determinantal equation (25) with the foregoing com-
plex element9 is equivalent to two real simultaneous equations
and hence may be solved for two unknowns. In a given case
the usual unknowns are the flutter speed v and the flutter
frequency u or, more conveniently, the related nondimen-
sional parameters X and I/k. The pa.rametw X appears
linearly and only in the major diagonal elements (with bars),
while the parameter 1/k appears transcendentally in every
element of the determinant. Hence an obvious procedure,
though not the simplest for obtaining the simultaneous solu-
tions of the two equations, is to fix valuea of I/k, to solve for
the roots of the two polynomials in X, to plot graphically
these roots against I/k, and to note the points of intersection.

In a systematic, numerical study of flutter any two param-
eters may be utilized as unknowns instead of X and l/k, a
procedure which is. often more convenient. A discussion of
such procedure and the use of a method of eIiiination for
simplifying the calculations is given in the appendix of
reference 6.

The application to the two-degree-of-freedom subcase of
bending-torsion flutter is treated more fully in the following
section.

APPLICATION TO BENDING-TORSION FLUTTER

The debmminantal equation in the two demees of freedom
hand ais

or

f2.x-/l+.L+iLa —px.+G+-iL4
=0 (27)

\ –/Axa+M,+iA4, &X-pra’+hI,+iM, I
-\_. ,

The two equations in X obtatied by equating the real and
imaginary parts separately to zero are

Q&Xs+[&(~-/.J +~h(ikf~-~raa)]x+ C~=O

}
(27’)

(Q.L,+QJQX+ QI=O

where

cR=@a(Ml +La) —(ikfa-#r.z) —Ll?’a2-wcf2] +Dn

C,=~lx~(M,+L,) –iki4-L,r.~ +D,

and where

DE= LJ4g-LJWl – L,M4+L4iEf,

D1=LM4–L4M,+L&&LaMa

For convenience in numerical tabulation, it is desirable to
introduce primed quantities, independent of the parameter

zO,defined by the following relations:

L8=L’–2i& \

Ld=Ld’ – 2x&z

Ml =Mlf – 2x@L1

M2=M~’- 2ZQL2 } (28)

M3=MS’ - 2%I(M1’+L,’) –2xo~]

M4=M4’-2q [(M,’+L,’) –2ro~]

In table 11 convenient expressions for the quantities Lt,
LZ,L8’, L.’, Ml’, Mz’, MS’, and .lf~’ me giwm and tabulat~cl
together with the combinations Ml’ +G; and Mz’ +.L.,’.
C1early these quantities depend on the function j. giveu i~
table I ‘hnd hence the tabulation is made for the smnc Values
of M and I/k (or Z). In addition, table H contains wducs
for the quantitiw ~~ and 11, which, in fact, arc independent
of ~ and may be expressed as

DR=LJ&’-La’.rlrl’ –LiMd’+L,’Ma’
D1=LJlfk’ –L,’Ml’ +L9M3’ –La’illz’

The numerict-d application in the case of bending-torsion
flutter has been performed for -rarious sekctcd examples.
k most of the calculations the numerical proecdure was to
fix values of l/k, eliminate X, and solve for the ptiramct m
x=. Interpolation was also used to obtain additional poink
in order to improve the fairing of some of the curves. Vnhlcs
of l/k 1sss than 1 did not yielcl any flutter points in this
procedure. Results arc shown plotted in a numbrr of
figures @gs. 5 to 20); however, before those figures m-o
discussed, it is desirable to explain the significance of the
parameters and the uumerical values assigmd to tl.wm,

The parameter p may be considered to signify tlm wing
density and three selected values 3.927, 7.854, ancl 15.708
in the order of increasing wing density htive bccu mainly
used in the calculations. (These values correspond to

values of :=5, 10, and 20 in the notation of referenvc 4.)

Alternatively, an increase in p may be interpreted as nn
increase in altitude for a fixed wing density. l’hc paranmt cr
P may be expectecl to range up to high values for actual
supersonic wings at high altitude. (My a few calculatio~~j
however, have been made for high values of p (W=78.64,

~=100; see fig. 18).

The parameter u,/ua is the ratio of the W& bending
frequency to the wing tomional frequency and may be
expected normally to be 1sss than unity. The three values
O, 0.707, and 1 have been largely used in tho wilculations
although other valuea up to 2 have aIso been st udicd.

The parameter Z. represents the position of the elastic a.sis
measured from the leading edge and the three values 0,4,
0.5, and 0.6 represent, respectively, positions at 40, 50, and
60 percent chord. (These values correspond to values of
a= —0.2, 0, and 0.2 in the notation of referenco 4.)
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The parameter Z= represents the distance of the center
of gravity from the el@ic asis. For example, z== O.2
represents a position of the center of gravity 10 percent of
the chord behind the elastic axis. In many of the calcula-
tions x. has been regarded as variable.

The paramet+r r.2 represents the radius of gyration of the
wing about the elastic mis and has been kept fi..ed at the
value r.~=0.25.

The ordinate in figures 5 to 20 is the nondimensional
flutter coefficient v/bu. where baa is a convenient reference
speed. This coefficient is also a function of the MacA

number .M=~ and several values of M have been employed

in the calculations.
In n plot of the flutter coefficient vfbuaagainst M, straight

lines dmvm from tbe origin at angle ~ and intmsecting the
curv= may be given an interesting interpretation (fig. 17).

t#bw
The slope of the line is given by ~=& or cob 6=%.

Thus, cot 6 is directly proportional to the product of the
chord and the torsional frequency divided by the ve~ocity
of sound. The question of whether at a given value of M
the value of baa which wiU just prevent flutter is also suffi-
cient to prevent flutter at neighboring higher values of M is
answered by the simple criterion of whether cot ~ increases
or decreases. In figure 17 two typical flutter curves are
showm. In curve B the value of boa just necessary to pre-
vent flutter at a speed corresponding to the value of M
at Ps is insticient to prevent flutter at any higher value
of M for which the flutter curve is below the straight line
OPZ. For the type of curve A a masimum value of ~ occurs
at the ‘(design critical points” PI. The value of bua just

necessary to prevent flutter at a speed corresponding to
the value of M at P, is also sufficient to prevent flutter
at all higher speeds.

The following salient facts may be extracted by inspection
of the figures. Flutter exists or is possible for various
ranges of the parameters but, in general, compared with
subsonic cases the ranges of the parameters yielding flutter
are more restricted.

The chordwise position of the aerodynamic center, the
center of the oscillating pressure, is an important factor in
the consideration of flutter. In the static case the mid-
chord is the aerodynamic. center for Jo> 1. For subsonic
speeds, M<<I, the linearized theory indicates the qurmter-
chord position as the aerodynamic center. It should be
expected that in the transonic region near M= 1 the aero-
dynamic center may shift considerably. From this point
of view alone conclusions draw-n from the simple theory
for the range near M= 1 may require large modifications.

The nature of the modifications maybe roughly inferred by
further experimental and theoretical study of the behavior
of center-of-pressure locations.

For low values of the ratio of bending frequency to tor-

sional frequenq ~ =0 the position of the center of gravity

relative to the aero-d~amic center is important.. For center-
of-gravity positions forward of the midchord no flutter
exists, whereas for positions behind the midchord there is a
sharp decrease in the flutter coefficient from infhity; the
position of the elastic a.sis influences the value of the flutt~
coefficient in this region, forward positions being more fa-
vorable (@s. 5 (a) to 16 (a)).

For values of ~ = 1 the position of the center of gravity

relative to the elastic a.sis becomes of more import ante.
For center-of-gravity positions forward of the elastic ax%
no flutter e.tists, whereas for positions behind the elastic
a-tis flutter does occur, and a relative minimum coefficient
appears for center-of-gravity positions only slightly (a few
percent of the chord) behincl the elastic ax-is.

The intermediate case, for which ~= 0.707, shows a blend-

ing of the effects in which the centeraf-gravity position
relative both to the aerodynamic center and to the elmtic
axis is aigniflcant.

In figures 12 and 14 there are shown, for reference, some
numerical values of u/aa, the ratio of the flutter frequency
to the torsional frequency.

The effect of the wing density parameter P is rather com-
plicated but, in general, an increase in P yields a correspond-
ing increase in the flutter coefficient. For low vahs of
Uhfua and for high -wing densities this increase is expected to
be proportional to fi. In the resonance-like region near

~= 1 &d for small values of 2= the flutter coefficient is rela-

tively unaffected by the value of p, and in this region t-he
structurqI damping may be expected to be particularly
effective in increasing the flutter coefficient.

For values of the Mach number near unity (for exa-mple

ill=~, a value for which the validity of the theory is in

question), the flutter calculations become diflicult to plot
because of the appearance of other branches. In some cases
(for instance, h=O.6) the flutter imitability appears limited
to a defl.n.ite range of flutter speed coefficients. Calculations
to include damping were performed to verify the existence of
the range. (The appearance of these other branches seems
to involve values of I/kfor which the quantity ML is negative.
The condition of negative M is s~cant for the one-degree-
of-freedom instability discussed in the next section.)
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h?bch number, M

Fmrrm 17.—TIreflutter melMerrtegalnatMacLInumber for two locationsoftheoent.erof

gravity. Other pararneter9ar8 ~.=o.~ a-m A-7AM

A plot of the flutter coefficient against Mach number for
two values of z. is shown in figure 17. The significance. of
the straight lines drawn from the origin has already been dis-
cussed. The type of curve A is representative of the eflect
of fo~ward location of the center of gravity and the type of
curve B is representative of rearvwrd locations of the center
of gravity. Figure 18 gives a plot of the flutter coefficient
against M for various values of the wing density parameter p
and for a rearward location of the center of gravity. The
subsonic values for M= O and M= 0.7 shown on these curves
and on some of the other figures have been either taken from
reference 7 or calculated in the manner outlined therein.
The subsonic and supersonic parts of the curves (figs. 17 and
18) have been arbitrarily joined by a dashed smooth curve in
the transonic range. In figure 19 there is given a cross plot
of flutter coefficient tig&inst frequency rfitio Wh/%, for various
values of M, and in figure 20 is given n similar cross plot for
three values of the elastic-axis parameter b.

An indication of the effect of structural damping in in-
creasing the flutter speed in a few ex’hraples may be obtained
from the following table, where ga and g~ are the tmsional
and flexural damping coefficients, respectively, and where

M=~, p=7.854, a=O, and x==O.2: ‘“”

0
0
0
.707
.707
. m7
.707
.707
.n?
.707

0 0
0:E o

0 0
.05
.10 :

0 .Ou
o .lo
.06 .06
.10 .10

mm
.C4s
.6!2s
.777
.m
.7W3

. .7ss

:%
.7S4

Im4a

a4a3
2661
26s9
L .536

H%
L 692
1.04!a
L623
L725

STATIC CASES-WING.DIVERGENCE AND AILERON REVERSAL

It is of some interest to examine the expressions for the
forces and moments in the limit case in which the frequency
approaches zero. There follow then for the mean-line wing
section the well-known static-case results which may of
course be obtained directly without the w of ti limiting
process, m originally treated by Ackeret. Thus, with the usc
of the following relation easily verified from equations (20),

there am obtained from equations (16’) to (18’) for the lift

i /’ ‘“7 tic” I I

Mach nun&er. M

F[avm!l&-Thoflutter cmtliclent aga[nst Mach number for sword valuw of p. Other

parametersare ~+, r.-O.2; a-O.
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and momenti in the static case,

4pbo’ [a+(l–z,)p]
‘=–4=

4pb2D2 [(1–2%) a+(l–z,) (l+z,–2~)p]
‘1==–-

Mfl=– 4pb’@
fim (

l–z~)’(cY+#?)

These relations for the mean-line wing section are now
used to obtain the critical speeds for the static instabilities—
wing divergence and wing-aileron revwrd (for wing of
infinite span). At the wing divergence speed the effective
torsional stiffness of the vcing vanishes, hence the total
moment about the elastic axis is zero. The sum of the struc-
tural restoring moment and the aerodpmrnic tmist~ing
moment is

.c=+,&g3a(1-2%)

which when equated to zero yields the divergence speed

1
n~=baa(~fl— l)lf41@2

~w

Thus, the divergence speed is real only for positions of the ____
elastic axis behind the aerodynamic center (midchord, in the
simple theory). This formula obviously should not be used
for values of M tuo near unity.

For comparison it is of interest to note the corresponding
result for the divergence speed in the subsonic case, -where the
aerodynamic center is (approx.) at the quarter-ohorcl point.

where M is less than about 0.7.
The aileron reversal sDeed is determined by the condition

that the change in angle ~f attack due to wing torsion nullifies
the effect of movement of the aileron so as to yield no change
in lift (in rotig moment, in the case of finite wing span).
There are two equations to be satisfied for this condition;
namely,

a+(l —q)p=o
(that is, L=O) and

4pb2& [(1–2zo)a+(l–z* )(l+z,–2q)f?]=o~ca+ ~~
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The aileron reversal speed, obtained by elimination
and & is

—1
v~= b(@12- l)ll’\/PraB~k

ADVISORY COMMITTEE FOR AERONAUTICS

of cc

For hinge positions aft of the midchord, the factor I/l&in
this expression varies from 1.4 to 1.0. The aileron reversal
speed is thus relatively unaffected by the position of the
hinge. In general ORmay be expected to be lower than ~Z).

ONE-DEGREE-OF-FREEDOM OSCILIXTORY INSTABILITY

As was pointed out by Possio, the theory indicates the
existence of a torsional instability which may arise for a wing
having only one degree of freedom. This instability is due
to the wing being negatively damped in torsion and is .asso-
ciate.d with the vanishing (and change in sign) of the tor-
sional damping coefficient M4 (equation (26)).

Certain considerations for the case of slow oscilhtions
made by Possio (reference 1) and further discussed by
Temple and Jahn serve to bring out the main results. Thus
from equation (20), for slow oscillations,

and

The condition M,(M, ZO)=0 is shown plotted in figure 21,
where the shaded area is the region in which the instability
is possible (negative MJ. The maximum ranges for the
parameters XOand M in this region are ZOless than 2/3 and
M less than ~5 (and greater than tity).

(It may be appropriate to mention that a similar torsional
inability is theoretically indicated even in the subsonic
(incomprwsible) case for positions of the axis of rotation
between the leading edge and the quarter-chord point. The
combination of parameters r~quired for this indicated insta-
bility, however, is not very hkely.)

The torsional instability may be studied more fully in the
general case. It is found that the range of instability for
the parameters XOand M remains essentiallyas in the simple
case (large l/k) but more information may be obtained re-

3.0

25

s?% * reg+m

,20
Ma

/.5

,-, .-. . . . . .- ——

LQ
D 2 .4 .6 .8 Lo””
. . %

FIGURE21.-PIot of .Vi(MJ8)=0.

garding the critical speed_ and frequency. Tho moment
equation is equivakmt to ~a. =0, or to the two cqurdions

M,(M, z)) +g=$l=x=o

where the structural damping coefficien~ in torsion g= hns
been introduced as in reference 6. The critical speed and
frequency muy be studied M functions of tho pnramctws XO,
M, ga and the product combination W.E. Rcs.uIts of a fcw
selected calculations are shown plottml in figure 22. Sicc
instabilities are indicated for the range of mwr-sonic. vnlucs
(l<JZ<l .58), it would seem t.lmt a mom comprchnsivc
investigation of this problem is wry dcsirMc.

It niay be remarked that a. simikw analysis for pure
bending exhibits no instability while the case of the nilmon
alone does exhibit a range where such instahiliLy may
occur. _This range for an aileron hinged at its Imding edge
is l<M5 ~.

LANGL3Y MEMORIALAERONA~ICAL LABORATORY,”
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS,

LANGLEY FIELD, VA., Ma-y 29, 19M. “
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% IL P

(a) FIutter co&Ment ogainet ds-of-rotatfon LWf- ~1 Ffutter memcknt sgalnst torslqd darnp!ng cc- (0) FInttm 03eBMent ai@et * *@ty x-
tlon for several valueeof.M &lS.iW3). Note that
tbe rangeofmnerrows w1thfncr8eseln Mand ( )“

emcient for two vahes of m kf-~p- 15.7W9 eter p for remral values of zs (.lf-~). The

dLwpeare at .if-I.5S ond re.O.S8. Negotive dampIns values are shown dashed and straf@t-llna enrve shown ecwreqxmde to Ma-o
bavEnophysical esjetwm. (ze=oll$m).

FIQCREZZ.-Cnrres for one-iegn~f-frwdom torsfond Instability.

APPENDIX

SYhlBOLS —

+
i!
T
r=~— T

P
P’
P

7
v

c
M
x

Y
ro

xl

&?I

disturbance veloeity potential

time at which disturbance influence is felt
time at which disturbance is created

pressure
pressure difkrence
density
adiabatic index (for air, 7=1.4)
velocity of main stream (supersonic)
velocity of sound in undisturbed medium
Mach number (v/c)
coordinate memurcd in direction of main stremn
ordinate
abscissa of axis of rotation of wing section (eIast ic

axis)
abscissa of aileron hinge
abscissa and ordinate of point of disturbance

b one-half chord

Mter equation (12) the quantities z, y, q, xl, and ~ are
employed nondimensionally and are referred to the chord 2b -
as reference length.

vertical velocity at position x on chord and at
time t

vertical displacement of axis of rotation
angular displacement about axis of rotation
angular displacement of aiIeron; measured with

respect to a
a.nguhw frequency of oscillation
reduced frequency (ah/v)

function given in equa~ions (12) and (12’)
Bessel function of order n
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The following additional symbols, e~ployed in the flutter
equations, conform to the notation used in references 4 and
6, in which the half-chord b is the unit reference length.

M
s.

a

c

x=

mass of wing per unit span
static moment of wing-aileron combination per

unit span referred to elastic axis
static moment of aileron per unit span referred to

aileron hinge
moment of inertia of wing-aileron combination

about elastic axis per unit span
moment of inertia 01 .aikron about its hinge per

unit span
coordinate of elastic axis measured. from mid-

chord (2q— 1)

coordinate of aileron hinge axis measured from
midchord (2xI—1)

location of center of gravity of wing-aiIeron system
measured from elaatic axis &/&fa; location of
center of gravity in percent total chord measured

()from leading edge is 1001+ ~+z”= 100 ~+~

reduced location of center of gravity of aileron re-
ferred to c (flP/MJ

radius of gyration of wing-aileron combination re-

ferred to a
(J–)

~,

reduced radius of gyration of aileron referred to c
/ — -. .—

torsional stiffness of wing around a per unit span
torsional stifTnees of aileron system around c per

unit span
stiffness of wing in deflection
natural angular frequency of torsional vibrations

(d)E
about elastic axis ~ ; (m==2~-~, where f.

is in cycles per setind) -
natural angular frequency of torsional vibrations

of aileron around c ‘
(J9 $

natural angular frequency of wing in deflection

(d)G-
Iz

P (%1
wing density parameter ~; or *,) (I!ote that

in the incompressible case (references 4 and 6)
A is replaced by l/K.)

K ratio of mass of cylinder of air of diameter equal
to chord of wing to mass of wing, both talwn for

()
rpb~equal length along spRn ~ (This ratio may

(“X9
be expressed as K=O.24 ~ where It’ is

weight in pounds per foot span, b is in feet, and
P/PO k ratio of air density at altitude to that for
normal standard air. )

9.1 W 9A StJ’UCtUd damping C.O@ffiCiCnk{Set?rcfcrcncc 6)
Ll, L, L, L~,M,, Mg, Ma, M, quantities defined in table 11

and by equations (26) and (28)
tY/bwa flutter coefficient; that is, flutter speed dhidcd by

reference speed bw=

()
z

x= pr=g :5 for case of bending torsion
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TABLE 11.—VALUES OF FUNCTIONS USED. IN THE FLUTTER CALCULATIONS
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L m64b
L37142
1.46411
1.63766
L 66461
L 762%4
1.87067
L W291
L !W40
1.S9614
z 09842
207%31
2.Iowa
Z 13102
2 laala
217813
221646
223051
z .W22
22m87
228212
2.2aa6a
2.31164
281702
2.amaa
a 32945
282469
2.86140
2.m.W4

0:p?JmJ6

.7Q249

.80629
L 11626
L 32704
L 46876
L M044
L 91297
224466
2.22220
2 ml
3.06697
3.37K22
a 25646
4.25869
4.7W382
6.61041
6.69828
t h2649
6.8$489
7.46%34
& lmm
8.62896
9.1%316

1;%
11.6654
l% SSS0
13.0489
14.8791
Ill 826a
la oa7
m. mw
2L amz
22i736
24.2397
.a12JM
627446

122.3%6

O:mmg

Lm
1.39479
2.32847
3.3W6
8.m6m
4.67228
6.74676
7.mo
7.ma26
&m

11.?S26
13.2aw
14.Wk2
l&Qm4
226am
29.m97
W.Hm
88.4123
421W0
4a”5Qm
.%6C27

%%%

% Ei
109.629
lm. 414
147.363
173.761
m~ ~

312.609
3aLo67
W. Q7n
4623oil
619.946
!I04.62
.426.2

0:p;

.74308

.2.41c2

.Q4772

.8ma2

.66948

.4826a

–:%%
–. 18546
–.4446
-.91561

-L .22B2
–L 50242
–2.06073
–2 62797
-3.30446
–a 6W03
-L 11894
-4.42261
-4.94677
-6. 616Q7
-6. W&i
-6. 407m
-&9m64
–7. 4m44
-8A2a64
-9.2m8a

-10. C876
-11.0839
-12 24W
-la. 632%
-16. W4
-16.2875
-17.8847
-18. 62s2
-m. 0828
-40.ama
-Q&9104

0.00507
~.

–:=

.27647

.44659

.68347

1:E
L 17814
L aa674
1.6QU37
L m
L U&$
2.04486
!z181!a7
z WI12
241762
2 Mao

2%
269726
!Amm$
27m84
28m4
286276
2 reals
2 W717
296700
z ma12
s.0210a
3.04488
3.06569
3.07662
am
8.oQ6m
2.10359
a M4
im%

0:287287

.76643

.53m8

.a48m

1:w
L 14028
1.34m3
L 64732
L 7m14
L W76

:%%

:E

6.07747
6.27279
6.08186
6.W
7.Olom
7.7W05
8.2m97
8.78Qm
9.41840

10.Uao
11.82414
122738
la. 3542
14.24M3
16.07m
17.8=
19.9478
21.1916

2!%
26.9624
626624
[28.364

0.oba14
..24859
L 64706
L 3440Q

‘f=

0.77937
.~ =7

t 82512
7.4Nk22
QS2891

ILm
B. 2624
17.Om
XL nol

E%
862869

g~

g Mfi

7&ma
87.4897

107.174
W.lMl
144.m3
17La44
2ok!M7
249.am
310.162
84am4
894.473
449.al
617.481
~ :6

IL2QM8
.67278

L 10627
1.2m41
L 67686
L 69376
L 46701
: p&2

.48188
;a77!2;

–. 611Q0
-L 63746
-1.41954
-% 19177
-2 aama
–8. 91428
-4. m646
-6.08977
-5.46826
–6. 171s9
–6. 96218
-7. lW321
-3. M.410
-6. 6W8a
-9. 05ml
-1o.9m2
-120179
-13.1887
-14.mm
-16.10S7
-17.9740
-m. mba
-2L 5442
-28.cum
-24,6772
-26.M12
;~ &m

0.45659
.8410a

1.42861
1.67610

;%
L 67211
L622W
1.6i6M
1.64618

;%

1:m234
L 66418
L m4e8
L 6m44
L 7730.2
L 81441
1.W441
L 0X119
zo6mQ
218608
2.m12
2 a816Q
249776
262968
2 man
a.04991
a.24M66
3.6212U
a.82437
4.18009
4.6mQ4
;L

6.64168
h amaa

11.mm
27.4488

-0: &)li

. lam

.mool

.68636
L 0t7bl
L ama
1.547E9
L 63270
2.107IM
924096
94m
28Q080
3.15486
8.W.21
s. aaml
4.24666
4.W166
h 118011
&am64
6.8m78
6.31771
6.6!4ma
7.21026
7.62056
3.6%4s
8.62434

1$%%’
lL 0600
120659
ls. IOa3
14.49m
16.1738
17.1078
I& 1606
19.1671

k%
s. W%

-
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TABLE 11.—I”ALUES OF FUNCTIONS USED IN THE FLUTTER CALCULATION% Continued

z 1
T L1 Lz L/ L’ M,’ M# .Ms’ aft ?&’-!-u 3fI’+Lt Da

I
DI

!2a03
m.cm

:%
8.10
f&40
!lrnl
L 60
L 34
L 18
1:~
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.82

.78

.74

:U
.82
.6Z3
.56
.52
.4s
.44
.40
.36
.24
.62
.30
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:;
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.20
.16
.10
.m
.04

a 12W8
.20216
.78421

LO0562
L 28W2

;%
2.m
2.92854
a 823M
8.69939
4.17188
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<29942
~ Wz2;

6:22511

!%%
7.M148
8.16996
a 91266
9.&lam

m 8922
11.5340
12.2bl.9
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IL W!!4
16.0420
16.8329
17-&?b3
19.6oi6
24.60W
30.2157
65.3W5
m. W92

moo
10.00
5.w
8.10
2&l
L m
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1.m
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.94
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.78

:%!
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.54
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.42
.40
.23
.88
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.%
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.18
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.M
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.Omo

.1M29
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; ~Q

.7W48

.81335
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.8WI0

.Wi45
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.9m89
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. W67
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.W7z3
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–o. Cmw
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.2W97
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.35%?s
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.4m52
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. 41wa
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.4iwo

.41672
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.&m

.421b9

.42177
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.&am

.WQ5

.72m6
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L 43032
2.35U1
%7W81
8.18711
x 8WW
& WS87
Lwoo2
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6.li%57
& 52W6
h 9!Wl
8. la5a4
6.Wws
7.15470
7.78797
8.52248
9.4X83

1: p-m

lLw23
lz 6722
13.5%6
1488m
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17.3993
19.1268
23.94W
w. am
64.W89
%. Oiw

0.62700
.10722
.mm
.7?498

L 14404
L 9W49
2LQW07
4.moo
7.40271
9.Wm3

E?.3445
I& 95s8
18.3W4
2L 2W1
23.6401
26.awl
2a.Ollb

E%
40.7022
~ 8~;

642W0
76.6706
m. 0188

U6. 112
lw. 198
146.W4
186.W4
19L084
m. 781
Wa 498
310.227
67hW
bm.61a

R%
cqal 14

: p&

.aaaw

.51751

.243519

.06017
Lm764
L m282
LW2W
X 21.2i8
262s75
2%286s
z 81011
3.85468
~~

4 W4m
4.784W
h !Z3m
549340
5.77642
: oEaJE_%!zy

6.S2W
7.25743
7.74W2
S_81193
8.95W7
0.71521

la W72
11.8i87
u 9820
14.mu
.W.WOO
89.04w
5s.5%3

a 014n
.06w2

:%%
.97181

L 76W3
2.57072
4.olb4a
h n955
7.W12

la ozw
&:2

I& 6W4
2L40T2
247bw
2S.9288
3L 4201
n. 461s
4L 1404
45.4047

2. E
32.9%S
n 1517
81.31.

1o7.m
M. 781
Iw. 951
182729
226.670
!B5.ZM

U4403
202413
4577.25

: ~y
.mm
;=

.7ea49
:g;

. fM19!2

.628$7

.=6

.55044
: pW14

.52172

.52037

.521G7

.518i6

.61702

.51879

.51795

.52189

.bmo

.58W4

.5W72

:S%
.mwa
.8S18
.W519
.Wi8u
.726s9
. iW18

l%.%
1.b52m
2 E40aa
a.77746

0.0%452
.18525
.a6w6
.W88
.62689
.73891
.81666
.94818

1.08737
1.2wlo
L 22i72
L448W
L5WW
L 73409
L842W
L 96975
2118W
2.1W51
:W#J

2.61648
2 7.%79
2.8WL2
3.05104
3.24891
3.45734
8.8W46
3.97847
4.24446
480327
&lK358
5.7Wi18

1! %!?
17.W95
25.6355

0.0M4a
–.oliz’
–. 06Ko
-.10295
-. W5w

.24197

:%!

;=

L02489
L WI12
L 6i8W
1.0!Z72
1.m25
L 12S12
L 16i29
L IW7b
L lb721
L 16958
L 18116
L 1W6
L m.X13
L 21121
1.21962
L 22a28
L 24703
1.28051
;. ~g

;:=

~ 24876
L24i289
L2W2
1.23919

–O. M198
.aa85

–. w
–: O#J

.22547

.8W98

:%
.48121
.48251
.40472
.W777
. b1678
.b22M
. mm
.W242
.52474
.5WII
. 5U16
.54311
.54499
.54676
.54S46
. 5W03
.66152
.552W
.5M28
.55582
.65859
.55787
.56W
.6W47
.W26b
. W220
.S70S8

am
.10318
.4W40

1:%%
L 74282
287381
4.mad
8.94229
‘J.2W16

lL 82!26
15.4270
17.an97
20.7408
23.m
25.8231
a. IMoa
22.m?l
27.4742
40.1286
46.3117
m. W15
83.8W8
76.07QI
42.42?4

114.614
la. 5S3
145.404
lbh 884
lm 462
22L179
250.SW
809.eai
376.m

&w
41a5.61
9418.46

0.014-4
.W72
.2M28
.57690
.89651

L 65584
2.4391e
3.48726
5.m
7.77701
0.85747

12 lam
lb.ZJ121
18.6118
2L2m
24.5892
m. 7481
8L2371
a7.2i73
40.Wbo
45.2197
m. ml
M. 95%
627989
7am
aaslua
9.2.859L

107.784
l!m.392
WI. 78a
182.540
226.491

1?% w
ma. 99
45i6.a

a &31&

.?a710

.63162
L 13S65
222248
~ ~;

8.2227b
10.6=
1s.3119
lii W30
W.4016
!7Z2W6
247328
2i.491a
30.7346
2A b925
29.1W4

2%%
53.7477
65.4210
n.mm
94.2224

116.S22
180.419
147.221
lt?i.51b
1!32.208
2%.018
26L733
81L470
m. m

1%.%
4m. 20
D421.28

I

I
: y: a 01X3

. 03WT
.48241 .18619
.76a42 .b9i24
.881W 1.0b262

:6293290 1.W255
2.6i4i0

1.2W56 42Wi0
1.45784 6.14674
L 8A2i9
1.79822 lt %%’
L9M82 W 8191
z 151ao lh $371
ZW-422 19.m
2.47842 2LW96
284m
282W 220
294944 2L 9548
%2oo19 28.W04
2.64409 ~L
.l m284
2.67846
Z 37415 2%
4owb0 8a 5223
4.34048 n. 7017
482114 8L bis73
4.Wza
6.81420 11%$%
5.74828 m. 636
6.!EMl Ibl. KU
6.87952 182287
7.63bi8 !2%.228
8.mob

17.1484 l?i 2
22.8518 2CW89
248559 m. 82

0.2i8i6

i%
1.!M249
L32WJ

H%
227623
276721
2.18817
& 5WQ2
4.05518
4.3b2sl
4WW0
4.W!3i8
5.2W22
b. E4863
5.m178
6.!29977
6.61841
7.CQ193

i%%
~.

11.m4
IL W57
U. 4047
13.2417
1419i6
16.29!27
16.6S43
ls. mm

e!%
29.W14
68.mu
99.85i6

o.1!3867
.2%323
.72-425

i-
1.57WS
L 910W
240924
$iWe38
3.43448
%87333
4.2%17
482W3
b.82744
&7aw6
&14W
lj.~

7:m21
7.94i!m
& 35106
; -~

lR z
11.1786
lLw22
lz 9113
12.W47
15.274b

R?%
2L 0280

H%
S4.noo

-_: gag

–.oiwl
–. 12311
–. 25428
–. &5517
–. m82

–L 59892
–3. 41088
–3.2W92
-4. 04i80
-5.26712
~: ~;

-7.75737
–8. 655S8
–Q71203

–lO. W77
–12.4i24
–I& 3416
-15.3W6
–17. 8745
–21. 0w2
–25. Imo
–20. 4485
–27. 8823
-42. 25!M
–47.7516
–54 WiS
-m 4490
–n. m
–85. ZZ’4

–10L316
–122.731
–1922202
-492234
-KW5.70
-m% 02

–. mm
-.00124

.02602

.Owll

.12424

.24680

.47835

.65230

. SLIM

. 0424s
L 0i312
p!mg

L 42186
I. W3io
L 58dCS
1.6W8
L 7SW
~ p14

; =8

2.48497
271w5
2.%78
3.32381
3.b4102
3.7b37b
402221
43K85
; ~~

5:52722
6.91765
7.W216

H.a%w

-1%%?

-0.00294
–. Olm
–. cW15
–. 11745
–. 2W1
–. 422&3
–. 62SS9
–. 9U761

–1. 42i24
–L W627
–2 mx12
–3.W408
–a Si.lw
-4. 6ii58
–5. 35735
-8.19280
–7. !2am
–7. 88162
–a a7212

–10. W46
–lLa577
–12 5950
-14.0424
–U. 75W
–17.7948
–20. 2582
-a 2722
–27. WWl
-8L 7120
–87. 7461
-45. n21
–w. 4891
–n. ww

-m la2
-4a& 017
-m 00

aowoa
–. Oom

. CC847

.om24

.m42a

.14645

.18407

.22635

.X548

.aam

.33190

.42432

.47657

.52442

.M136

.0M2?

.65357

.631W

. i43W

.mwa

.m802

.88196

.912W

. !36.592
L 022%3
L 097bl
L 16910
L 28740
L 88420
L 4W30
L 61942
L 8311b
20W54
6.88769
9.awm

–22.0404



202 REPORT NO. 84 6—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TABLE 11.—VALUES OF FUNCTIONS USED IN THE FLUTTER CALCULATIONS—Continued
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I
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M:’ Md’ M1’+Ll’ W-F-W DE DI
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1.24
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.W1
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%
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.42
.46
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.36
.84
.32
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L40
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.6a
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.52
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.40
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.05
.04
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a :J
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4.105N
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.“$ %6

7:44048
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&fm40
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.&a592
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.17444
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.18661
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. l’wll
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6.76550
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.83047

.9i064
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.24821
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